A method previously used for estimating the uncertainty in rotation of a plate relative to the hotspots is shown to be insufficient because of the neglect of the uncertainty in one of the three degrees of freedom of a rotation. Two new methods for estimating best-fitting rotations and associated uncertainties for the rotation of a plate relative to the hotspots are presented. Both methods require a priori estimates of the uncertainties in the locations of individual hotspots and their ancient tracks for a particular age. The use of a priori uncertainties permits the hypothesis of hotspot fixity to be tested. The first method, the two-hotspot method, leads to simple geometrical interpretations of best-fitting rotations and of the eigenvectors and eigenvalues of the appropriate covariance matrix. This simplicity comes at the cost of using only two hotspots and their associated tracks with assumed equal circular uncertainties. The second method, the N-hotspot method, allows use of an arbitrary number of hotspots (≥2), with unequal elliptical uncertainties. This generality and power comes at the cost of losing the simple geometrical interpretation of the first method. Elliptical uncertainties are generally more appropriate because hotspot tracks are less well known along-strike than across-strike because of gaps and uncertainties in ages along the tracks.
A prerequisite for rigorous tests of hotspot fixity are estimates of the uncertainties in plate reconstructions relative to the hotspots. Here we show that at least some methods that have been used in prior work are insufficient. We present new methods for objectively estimating plate reconstructions relative to the hotspots and for estimating the uncertainties in such reconstructions. We apply these new methods to the Hawaiian-Emperor and Louisville chains on the Pacific plate to determine objective estimates of Pacific-hotspot motion and its uncertainties over the past 68 Myr.
Our methods are formulated so that the uncertainties in the locations of current hotspots and of the locations of their ancient tracks are specified a priori. Without this feature, it would not be possible to test the hypothesis that hotspots are fixed. Both uncertainty methods presented here can be used independently of how the platehotspot rotation was derived. Thus, these methods can be used to estimate uncertainties for previously published rotation estimates lacking published uncertainties.
U N C E RTA I N T Y I N T H E RO TAT I O N O F A P L AT E R E C O N S T RU C T E D R E L AT I V E T O T H E H O T S P O T S
Unlike a reconstructed point, such as a palaeomagnetic pole, the rotation specifying the reconstruction of a plate requires not just two but three parameters (typically latitude, longitude, and angle) and thus has three degrees of freedom. For the purpose of describing the uncertainties (or any small change to the total rotation), it is useful to parametrize these three degrees of freedom as small rotations about three orthogonal poles of rotation, as was done by Molnar & Stock (1985) in describing the uncertainties in the rotation of one plate relative to another. In the case of a single hotspot track, it is convenient to choose these three mutually orthogonal directions of rotation as follows: igure 1. Eigenvector locations (stars) for the covariance matrix of a reconstruction of Midway Island to the Hawaiian hotspot based only on the location of Midway Island and using no information from other hotspot tracks. Rotations about eigenvector 1 (in the upper right corner of the map) correspond to uncertainties in position parallel to the strike of the Hawaiian chain at Midway. Rotations about eigenvector 2 (near 15 • S, 95 • W) correspond to uncertainties in position perpendicular to the local strike of the Hawaiian chain. Eigenvector 3 is through the point to be reconstructed (star); unlimited rotation is permitted about eigenvector 3 without worsening the fit to the reconstructed point.
(1) a pole located 90
• from the ancient volcano to be reconstructed, and along a great circle perpendicular to the local strike of a hotspot track, for example perpendicular to the Hawaiian chain, (2) a pole 90
• from the ancient volcano to be reconstructed and along a great circle tangent to the local strike of a hotspot track and (3) a pole located through the ancient volcano to be reconstructed, for example through Midway Island along the Hawaiian chain ( Fig. 1) .
Small rotations about these three poles of rotation correspond to three distinct types of misfit in the reconstruction of a plate relative to the hotspots (Figs 1 and 2) . A small rotation about pole 1 results in misfit parallel to the local strike of a hotspot track. A small rotation about pole 2 results in misfit perpendicular to the local strike of a hotspot track. A small rotation about pole 3 results in no misfit. These three poles are not merely geometrical conveniences; they are also the eigenvectors of the appropriate covariance matrix describing the uncertainty in reconstruction of the Pacific plate relative to the hotspots if only a single hotspot track is used to infer the reconstruction (cf. Chang et al. 1990 ). (Eigenvectors 1 and 2 have equal eigenvalues. Therefore, the corresponding eigenvectors are degenerate, that is, any two orthogonal directions on the great circle containing eigenvectors 1 and 2 would be suitable eigenvectors. The directions for eigenvectors 1 and 2 chosen by Molnar & Stock (1987) are the most convenient because of their relation to the along-strike and across-strike directions.)
From a single hotspot track only two of the three degrees of freedom needed to specify a unique rotation can be determined from the observations. The main method that has been used before for estimating uncertainties of rotations of plates relative to hotspots is that of Molnar & Stock (1987) . They examined the fit only to the Hawaiian-Emperor chain and specified allowable misfits in displacement of ± 200 km due to rotations (in effect) about either pole 1 or pole 2. They ignored any rotation about pole 3, and thus implicitly Molnar & Stock (1987) relative to the Hawaiian hotspot; the dashed ellipse outlines their estimated 95 per cent confidence region. The age of (the old end of) chron 21 is 48 Ma on recent timescales (i.e. Cande & Kent 1995) and is 50 Ma on the timescale used by Molnar & Stock (1987) . Inverted triangles show locations for age dates (numerals give dates in Ma) of O'Connor & Duncan (1990) . The point labelled '46, 52' has a plateau age of 46 Ma and a total fusion age of 52 Ma. Herein we argue that the annulus bounded by solid lines tangent to the dashed ellipse is the appropriate 95 per cent confidence region for the predicted 48 Ma location of the Tristan hotspot. That the confidence region is the annulus and not merely the enclosed ellipse follows if the Hawaiian-Emperor chain is the only hotspot track used to predict the location of the Tristan hotspot. This revised confidence region includes a substantial portion of the Walvis ridge and indicates no significant motion between the Tristan da Cunha hotspot and Pacific hotspots since 48 Ma. Shaded regions show bathymetry shallower than 3500 m depth from the ETOPO5 data set. Lightest grey: −3500 to −2000 m; medium grey: −2000 m to 0m; darkest grey: >0 m.
assumed that there was no uncertainty about pole 3. The appropriate uncertainty about pole 3, however, is unbounded (insofar as only a single hotspot track is used in deriving the uncertainty). This is illustrated in Fig. 3 , which shows the uncertainty estimated by Molnar & Stock (1987) in the predicted location of the Tristan da Cunha hotspot relative to the African plate (assumed by them to be a single rigid plate) if the Tristan hotspot has been stationary relative to the Hawaiian hotspot since chron 21 (which on the then-current timescale was 50 Ma, but is 48 Ma on current timescales). Molnar & Stock (1987) used this prediction, along with that for chron 25, to argue that the predicted track misfits the observed track by 800 ± 500 km from the nearest point on the Walvis Ridge, indicating motion between the Hawaiian and Tristan da Cunha hotspots of 16 ± 10 mm yr −1 since about 50 Ma. Insofar as they only used the Hawaiian-Emperor chain on the Pacific plate, however, the true uncertainty region is a globe-encircling annulus bounded by two small circles tangent to extreme points on their ellipse (Fig. 3) . The uncertainty region thus includes much of the Walvis Ridge, including the part dated as being coeval to chron 21 (48 Ma), and thus demonstrates no significant motion between the Tristan and Hawaiian hotspots, opposite to the conclusion reached by Molnar & Stock (1987) .
The motion of the Pacific plate relative to the hotspots is, of course, constrained by more hotspot chains than just the HawaiianEmperor chain. With these additional observations the rotational uncertainty about pole 3 would no longer be infinite, but it would still be substantially larger than the rotational uncertainty about either pole 1 or pole 2 and much larger than the zero value that was implicitly assumed before.
F I R S T M E T H O D : T W O -H O T S P O T M E T H O D W I T H E Q UA L C I RC U L A R U N C E RTA I N T I E S
If there are two hotspot chains on the same plate, both with equal circular uncertainties, both the minimum misfit rotation and the uncertainties for that rotation can be found simply from the geometry of the current and ancient hotspot locations. We seek the rotation that minimizes the summed squared normalized misfit. The uncertainties in current and ancient locations of a hotspot are combined into a single circular uncertainty of radius σ , which is the 2-D uncertainty (angular standard deviation) of location.
The normalized misfit of a particular reconstructed ancient hotspot location to its current location is δ, the great circle distance between the current location and the reconstructed ancient location, divided by σ . The total misfit, r, for a particular reconstruction is the summed squared normalized misfit for both pairs of reconstructed ancient hotspot locations and homologous current hotspot locations
The best-fitting rotation (i.e. the one that minimizes r) is found by inspection through a simple geometric construction that breaks the total rotation into two component rotations (Figs 4a and b) . In the example shown, the two ancient hotspot volcanoes could be, for example, Midway Island along the Hawaiian chain and the coeval point along the Louisville chain. Each ancient volcano is to be reconstructed to the current position of the hotspot from which it was created. The first component pole is the pole of the great circle (GCP) (Fig. 4a ) that contains the two poles of the great circles (GCA and GCC) that contain the ancient and current hotspot positions. The angular distance between the poles of GCA and GCC ( 1 ) is the rotation angle about component pole 1. After the rotation about component pole 1, the two great circles (GCA and GCC) are aligned, so there is no misfit in the along-strike direction of the hotspot tracks. Component rotation 2 is then used to minimize the misfit in the across-strike direction. Because each of the two hotspot tracks is given equal weight (because they are assumed to have equal uncertainty), the minimum summed squared normalized misfit occurs if and only if the misfit to each track is identical. Thus component rotation 2 must cause each track to be equally misfit. This is achieved by causing the midpoints of each arc to coincide. Hence, component pole 2 is the pole of GCC (which now contains GCA as well, Fig. 4b ). The rotation angle ( 2 ) is the angular distance between the two midpoints. Summing the two component pole rotations gives the best-fitting total rotation for this plate relative to these two hotspots.
Once the best-fitting rotation has been determined, the uncertainty of that rotation needs to be described. Following, for example, Chang (1988) , we assume that in the neighbourhood of the best-fitting rotation, small departures from that rotation can be approximated by a rotation vector u. Insofar as this approximation is valid, the increase in sum-squared normalized misfit, r, in the neighbourhood of the best-fitting rotation can be approximated by a quadratic form
where r is the increase in sum-squared normalized misfit relative to the minimum, u T is the transpose of u, which is taken to be a column vector, cov is the (unknown) covariance matrix, and cov −1 is its inverse. The eigenvectors of a covariance matrix and its inverse are identical and can be found using either a maximum principle or a minimum principle (Courant & Hilbert 1937) . We use both types of principles. One of the eigenvectors can be found by finding the orientation of u that maximizes the value of r subject to the constraint that u 2 = 1. A second eigenvector can be found by finding the orientation of u that minimizes the value of r subject to the constraint that u 2 = 1. The orientation of the third eigenvector can be found in several ways, the simplest of which is to take the cross product of the two eigenvectors corresponding, respectively, to the maximum and minimum values of r subject to the constraint that u 2 = 1. For the case of two hotspots with equal circular uncertainties, the eigenvectors can be found by inspection simply from the geometry (Fig. 5) . The eigenvector locations are independent of the strike of the hotspot chains. The eigenvector with the largest uncertainty (σ max ) is parallel to the midpoint of the great circle connecting the two reconstructed ancient volcanoes. The eigenvector with the smallest uncertainty (σ min ) is 90
• from the first along the great circle that is the perpendicular bisector to the great circle segment connecting the two reconstructed points. The third eigenvector (σ int ) is perpendicular to the first two eigenvectors.
We determine the corresponding eigenvalues of the covariance matrix by first noting that they are the 1-D variances corresponding to each of the eigenvector directions. Moreover, r = 1 if u = σ iŵi , whereŵ i is one of the three eigenvectors and σ i is the one sigma uncertainty in the direction ofŵ i (Bevington 1969) . Thus, given the eigenvectors and a way to estimate r, determination of the eigenvalues, and thus the variances, is straightforward. Let σ be the radius of the 1-D one-sigma uncertainty circle about each reconstructed point along a hotspot track and let ψ be the angular distance between the two current hotspot locations. The 1-D 1σ uncertainty about the first eigenvector is ± σ /( √ 2 sin(ψ/2)), that about the second is ± σ / √ 2, and that about the third eigenvector is ±σ /( √ 2 cos(ψ/2)). If the two hotspots are near each other (as is true for many cases of hotspot tracks on the same plate), the largest 1σ uncertainty can be many times larger than the uncertainty assumed for the reconstructed points (because of the sin (ψ/2) term in the denominator).
The covariance matrix is found from the eigenvectors and eigenvalues as follows,
where A is the column matrix of eigenvectors and Λ is the diagonal matrix of eigenvalues. Because the matrix of column eigenvectors is orthogonal, the inverse of A, A −1 , is also its transpose. Thus, this first method, which is a special case of the second, is remarkably simple, allows direct solution for rotations without the need for an iterative search, and has a simple geometric interpretation that provides insights into how uncertainties in the locations of hotspots and their tracks map into uncertainties in the rotations.
S E C O N D M E T H O D : N -H O T S P O T M E T H O D W I T H U N E Q UA L E L L I P T I C A L U N C E RTA I N T I E S
Our second method is more general and powerful than the first, because it allows the use of any number of hotspot tracks and allows elliptical uncertainties of arbitrary sizes for both the ancient and current locations of hotspots. No simple geometrical solution exists for this more general case, and the best-fitting rotation and uncertainties must be found numerically. Elliptical uncertainties are useful because the location of an ancient hotspot is generally much more uncertain in the direction parallel to the volcanic chain than in the direction perpendicular to the volcanic chain because of gaps and uncertainties in the ages along the chain. Being able to use uncertainties of different sizes is also useful because the ancient and current locations of some hotspots are much better known than for some other hotspots.
The method requires estimates of the ancient and current locations (and uncertainties) of any number of hotspot tracks. We seek the rotation that minimizes the summed squared normalized misfit (Fig. 6) . The uncertainties of the locations are parametrized as the lengths of the major and minor semi-axes, referred to as max1 , min1 , max2 , and min2 (Fig. 6) ; θ 1 and θ 2 are the angles made by the major semi-axis of each uncertainty ellipse with respect to the great-circle segment connecting the reconstructed ancient hotspot location and the current hotspot location (Fig. 6) . The resulting uncertainty, σ T , (a) Cartoon illustrating the geometric determination of the rotation of a plate relative to two hotspots using the two-hotspot method described in the text. The geometry allows for the complete rotation to be found by calculating two component poles of rotation. The first component pole is the pole of the great circle (GCP) that contains the pole of each of two great circles that contain the current hotspot locations (GCC) and the ancient hotspot locations (GCA). It is also the intersection of great circles GCC and GCA. The angular distance, 1 , between the poles of GCA and GCC is the rotation angle for component pole 1. (b) After the rotation by component pole 1, the two great circles (GCC and GCA) are aligned. Component rotation 2 is a rotation about the pole of GCC (which now coincides with GCA) by an angle, 2 , which is the angular distance between the two midpoints. This rotation brings the dated and current positions into alignment and minimizes the sum squared normalized misfit between each of the two current and homologous ancient hotspot locations.
mapped onto the orientation of the great circle connecting the reconstructed ancient hotspot location and homologous current hotspot location is found from the following relationship, 
The normalized misfit of a particular reconstructed ancient hotspot location and its current location is then δ, the great circle distance between the two, divided by σ T (Fig. 6) . The total misfit, r, for a particular reconstruction is the summed squared normalized misfit for all N pairs of reconstructed ancient hotspot locations and Figure 5 . Cartoon illustrating the location of eigenvectors (stars) for the simple case of two reconstructed ancient hotspot volcanoes from a single plate. The uncertainty in the reconstruction is specified by the orientation of the eigenvectors and associated eigenvalues, all of which can be found by simple geometrical construction.
homologous current hotspot locations for that reconstruction determined simultaneously, that is,
The best-fitting (i.e. minimum r) values for latitude, longitude and rotation angle are found by a 3-D grid search. After the best-fit rotation is found and applied, two of the eigenvectors,ŵ max andŵ min , are found by another grid search whereŵ max andŵ min , respectively, are the orientations of an axis of rotation u that result in the largest and smallest increase in r in equation (5) subject to the constraint that u 2 = 1. (In practice, we constrain u 2 to a smaller fixed value, which would have no effect on the estimated eigenvectors if the problem were truly linear, but gives a better approximation to linearity for the non-linear problem we are solving.) The third eigenvector,ŵ int , is simplyŵ max ×ŵ min . The eigenvalue for a particular eigenvector is found by increasing the angle of rotation about that axis until the sum-squared normalized misfit, r, in equation (5), increases to a value that exceeds the minimum value by one. The size of this angle gives the 1-D 1σ uncertainty and is the square root of the eigenvalue.
In some cases, the hotspot tracks needed to specify a rotation may fall on different plates. For example, to derive a model for plate motion of the Indo-Atlantic hotspots, a combination of data from the Tristan da Cunha track in the South Atlantic which lies on the Nubian Plate and the Réunion track in the Indian Ocean which lies on the Somalian and Indian Plates could be used. In this case, the dated positions would be rotated onto a common plate using relative plate reconstructions with the relative plate reconstruction uncertainties being added to the hotspot track location uncertainties. The current positions remain the same, as they mark the hotspot location which is assumed to be independent of any plate motions. Figure 6 . Misfit with elliptical uncertainties. Top portion illustrates elliptical uncertainty region about the ancient hotspot location and homologous current hotspot location. Lower portion illustrates how the misfit is measured between ancient and current locations after the ancient location has been reconstructed relative to the current location by a trial rotation.
E X A M P L E : T H E H AWA I I A N P O L E O F RO TAT I O N
The Hawaiian pole of rotation (and corresponding angle) gives the total rotation of the Pacific plate relative to the hotspots since the age of the elbow in the Hawaiian-Emperor chain. We assume that the age of the elbow is 47 Ma, as recently revised by Sharp & Clague (2002) . This age is equivalent, within uncertainties, to the age of magnetic anomaly 21 (47.9 Ma on the timescale of Cande & Kent 1995), which is a key magnetic anomaly for global plate reconstructions. Thus, we assign an age of 47.9 Ma to the elbow and coeval point along the Louisville chain (as interpolated from neighbouring age dates), which are, respectively, shown in Figs 7(a) and (b) and listed in Table 1 . Elliptical uncertainties are assigned to each ancient hotspot location. The Hawaiian-Emperor elbow is assigned a 2-D 95 per cent confidence ellipse with a 200-km-long major semi-axis striking 320
• and a 100-km-long minor semi-axis (Fig. 7a) . The coeval point along the Louisville chain is assigned a 2-D 95 per cent confidence ellipse with a 300-km-long major semiaxis striking 335
• and a 100-km-long minor semi-axis (Fig. 7b) . Circular uncertainties are assigned to the current hotspot locations, a radius of 100 km (2-D 95 per cent confidence limits) for the welldocumented Hawaiian hotspot, which we take to be at Kilauea, and a radius of 200 km for the less well known Louisville hotspot, which we take to be at a point 9 (0.2
• ) east of the Pleistocene seamount at 50
• 26 S, 139
• 09 W mapped, dredged, and dated as 0.5 ± 0.2 Ma in age by Watts et al. (1988) .
To apply the two-hotspot method, we approximate the elliptical uncertainties for the ancient volcanoes by equal circular uncertainties with a radius of 175 km, which is the average of the four semiaxis lengths. Next we averaged the two circular uncertainties of the present hotspot locations to obtain a radius of 150 km. Finally we sum 150 and 175 km in quadrature (i.e. we sum the variances not the errors) to obtain for each track a total circular uncertainty of 230 km. The two methods give similar best-fitting rotations, 34.12
• about a rotation axis through 65.0
• N, 65.4
• W for the two-hotspot method versus 33.95
• about a rotation axis through 65.4
• N, 65.3
• W for the N-hotspot method (Fig. 8) . The sum squared normalized misfit is 0.66 for the two-hotspot method with circular uncertainties and 0.78 for the N-hotspot method with elliptical uncertainties. A rotation is specified completely by three parameters. Each of the two hotspot tracks limits two degrees of freedom. Thus there are effectively four equations and three unknowns with the result being over-determined by one degree of freedom. It follows that the sum squared normalized misfit is expected to be approximately chisquare distributed with one degree of freedom. Values exceeding 3.84 would be unacceptably large at the 5 per cent significance level, while values less than 0.004 would be unacceptably small at the 5 per cent significance level. Thus, the value of misfit found by either method (0.66 or 0.78) is acceptable. Fig. 9 shows the location of the three eigenvectors for each of the two methods. The eigenvectors for the two-hotspot method are located just as expected from Fig. 5 . As can be seen, the eigenvectors have generally similar locations for the two different methods. (They give identical locations, of course, if the same circular uncertainties are used for both methods.) The corresponding 1-D 1σ uncertainties are also generally similar for corresponding eigenvectors: 1.58
• , 1.34
• , and 1.21
• , respectively, for the maximum, intermediate, and minimum 1σ uncertainties for the two-hotspot method and 1.76
• , and 1.03
• , respectively, for the maximum, intermediate, and minimum 1σ uncertainties for the N-hotspot method. Figs 10(a) and (b), respectively, show the upper and lower surfaces of the 3-D 95 per cent confidence region for the Hawaiian pole of rotation determined using the N-hotspot method (i.e. with elliptical uncertainty regions) using the graphical display method of Hanna & Chang (1990) .
Many workers have previously proposed that the pole of rotation of the Pacific plate relative to the hotspots over the past 3 to 8 Myr is different from the pole that describes motion for most of Hawaiian time (i.e. since about 47 Ma) (Engebretson & Cox 1985; Pollitz 1986; Harbert & Cox 1989) . Recently, Gripp & Gordon (2002) noted that the Hawaiian pole of rotation lay outside the 95 per cent confidence region of their estimate of the Pacific-hotspot pole of rotation for the past 6 Myr, suggesting that the present direction of motion differs significantly from that over Hawaiian time, roughly the past 47 Myr. They could not demonstrate this, however, because of the lack of a rigorous estimate of the uncertainty in the Hawaiian pole of rotation. Fig. 8 remedies that lack and shows that the two poles differ significantly, with the two 95 per cent confidence regions barely overlapping.
A P P L I C AT I O N : PA C I F I C -H O T S P O T RO TAT I O N S A N D U N C E RTA I N T I E S F O R T H E PA S T 6 8 M I L L I O N Y E A R S
We applied the N-hotspot method to the Hawaiian-Emperor and Louisville chains to estimate the motion of the Pacific plate relative to the hotspots at seven ages that are equivalent to the ages of key magnetic anomalies used in relative plate motion reconstructions. Table 2 lists radiometric age dates along the two chains that were used to estimate the input parameters to the N-hotspot method listed in Table 1 . Figs 7(a) and (b) show the data in these two tables mapped onto the chains. Elliptical uncertainties were assigned to each of the points along each chain. Since the HawaiianEmperor chain is better sampled and dated than the Louisville chain (Table 2) , the uncertainties assigned along the Louisville track are 50 per cent larger (in the along-strike direction of the chain) than those assigned to the Hawaiian chain (Table 1) . Table 3 gives the best-fit rotation parameters for these reconstructions and their uncertainties and the goodness of fit parameter, r. All seven values of r are less than 3.84, above which we would conclude that the misfit is unacceptably large at the 5 per cent significance level. All seven values of r are also greater than 0.004, below which we would conclude that the misfit is unacceptably small at the 5 per cent significance level. The value of r is larger for 56.1 and for 67.7 Ma than for the younger reconstructions, which might indicate southward motion of the Hawaiian hotspot relative to the Louisville hotspot. The sense of the misfits shown in Figs 7(a) and (b) imply southward motion of the Hawaiian hotspot relative to the Louisville hotspot with a face value difference of ≈350 km at 67.7 Ma, which is within our assumed uncertainties. Thus, insofar as our uncertainties are realistic, this misfit is insignificant. In any event, the sum of the seven values of r is 10.43, which is expected to be approximately chi-square distributed with 7 degrees of freedom. The probability, p, of the sum of r being this large or larger by chance if we have estimated the uncertainties appropriately and if the hotspots are fixed is 0.17, indicating an acceptable fit. Fig. 8 shows all seven poles of total rotation with their 2-D 95 per cent confidence regions. Stage poles between immediately successive total rotations are not shown in Fig. 8 or elsewhere because their 2-D 95 per cent confidence regions span the entire surface of the Earth. The size of the 2-D confidence regions estimated here decrease with increasing age of reconstruction (and increasing angle of rotation). This does not show that the rotations become less uncertain with increasing age and rotation. Instead, as shown by Chang et al. (1990) , it is an artefact of projecting uncertainties of rotations onto a spherical surface. A better measure of the size of the uncertainty is given by the size of the three 1σ uncertainties associated with the three eigenvector directions (Table 4) , which tend to increase modestly with increasing age, directly as a consequence of the modest increase with age of the assigned uncertainties in the location of ancient hotspots (Table 1) . We do not understand why, in contrast, Harada & Hamano (2000) find uncertainties in reconstructed tracks that decrease with age.
The present pole of rotation, valid for about the past 6 Myr, not only differs significantly from the finite rotation pole for 0-47.9 Ma, as discussed above, but also differs significantly from finite rotation poles for 0-67.7, 0-56.1, 0-39.3, and 0-33.5 Ma. It does not, however, differ significantly for the poles for 0-20.1 and 0-10.9 Ma (Fig. 8) , but it does differ significantly from the stage pole from 6 to Watts et al. 1988 ; PG, overall Hawaiian pole of Petronotis & Gordon 1999 ; Ray, the overall Hawaiian pole of Raymond et al. 2000) . Open triangle is the pole for current (0-6 Ma) Pacific-hotspot plate motion (HS3-NUVEL1A) from Gripp & Gordon (2002) . Confidence regions, where shown, are 2-D 95 per cent confidence regions. Three statistically distinct Hawaiian poles of rotation are recognized herein, the 0-6, 6-20.1, and 20.1-47.9 Ma poles. 20.1 Ma, indicating a small significant change in the Pacific-hotspot stage pole of rotation at ≈6 Ma.
The systematic progression of the pole positions from 33.5 to 47.9 Ma suggests that the Pacific plate rotated about a fixed pole of rotation from 33.5 to 47.9 Ma, but a different one than that it rotated about from 6 to 20.1 Ma. This is further explored in Fig. 11 where we show the 20.1-47.9 Ma stage pole. The difference between the 20.1-47.9 Ma stage pole and the 20.1 Ma total reconstruction pole indicates that a significant change in the Pacific-hotspot pole of rotation occurred sometime between 20.1 and 33.5 Ma. The change in pole position was accompanied by a change in rate of rotation. The 20.1-47.9 Ma stage pole has an angle of 16.27
• with a 95 per cent confidence interval from 14.35
• to 18.30
• . This corresponds to an average rotation rate of 0.59
• ± 0.05 • Myr −1 . In contrast, the angle of rotation for the past 20.1 Myr is 18.02
• with a 95 per cent confidence interval from 16.49
• to 19.61
• . This corresponds to an average rotation rate of 0.90
, 50 per cent faster than for the earlier interval. (All these uncertainties are 95 per cent confidence limits.) Fig. 11 also shows the 47.9-67.7 Ma stage pole, which is our estimate of the Emperor pole of rotation. Its 95 per cent confidence region includes the Emperor pole of Clague & Jarrard (1973) (Fig. 11) . The change in stage pole orientation from the Emperor stage pole to the early Hawaiian stage pole (i.e. the 20.1-47.9 Ma pole) is many times larger than the shift between any two of the three successive Hawaiian stage poles of rotation (i.e. from the 20.1-47.9 Ma stage pole to the 6-20.1 Ma stage pole or from the 6-20.1 Ma stage pole to the 0-6 Ma pole).
The change in stage pole of rotation can be further visualized by examination of an orthogonal-component plot (Wilson 1993) . During intervals of nearly constant motion, the ratio of any two of the three rotation components remains nearly constant. Such plots are thus useful for detecting changes in plate motion (Wilson 1993) . If the plates have rotated about a single fixed pole for the past 67.7 Myr, the points in each plot would lie along a single straight line segment, which they do not (Fig. 12) . If the plates have rotated about two successive fixed poles of rotation for the past 67.7 Myr, the points should lie along two different straight line segments that connect in the plot. This too is too simple (Fig. 12) . The pattern, especially in the lower panel, requires at least four straight-line segments to fit all eight points: from 0 to 6 Ma (current pole of rotation), 6 Ma to ≈25 Ma (late Hawaiian stage pole of rotation), ≈25 Ma to 47.9 Ma (early Hawaiian stage pole of rotation), and 47.9 to 67.7 Ma (Emperor stage pole of rotation).
C O N C L U S I O N S
Prior methods used for estimating the uncertainties in plate reconstructions are insufficient. The new methods presented here permit useful estimation of both best-fitting parameters for the finite rotation of a plate relative to hotspots but also realistic and useful estimates of the uncertainties.
The application of the new methods to the reconstruction of the Pacific plate relative to the hotspots over the past 67.7 Myr provides objective quantitative estimates of the rotation parameters and uncertainties. The new results confirm several prior results: (1) The Emperor pole of rotation differs significantly from the overall (0-47.9 Ma) Hawaiian pole of rotation. (2) The present (0-6 Ma) pole of Pacific-hotspot rotation also differs significantly from the overall Hawaiian pole of rotation. The new results also reveal some previously unrecognized significant changes in pole position, namely that the stage pole from 47.9 to 20.1 Ma differs significantly from the pole of rotation from 20.1 to 6 Ma, which in turn differs from the current (i.e. 0-6 Ma) pole of rotation. The change near 20.1 Ma is also accompanied by a highly significant 50 per cent increase in the rate of rotation of the Pacific plate relative to the hotspots.
The new methods proposed herein have the potential to place reconstructions relative to the hotspots on the same quantitative basis that relative plate reconstructions now enjoy (Chang 1988) and provide insights into how uncertainty in hotspot track locations map into uncertainty in the estimated rotation.
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